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DISCRETE SERIES OF SIMPLE LIE GROUPS WITH 
ADMISSIBLE RESTRICTION TO A 5^2 (M) 

ESTHER GALINA, JORGE A. VARGAS 


Abstract. In this note we determine the irreducible square integrable 
representations of a simple group which admits an admissible restriction 
to a subgroup H locally isomorphic to S'L 2 (R). We show such represen¬ 
tation is holomorphic and we determine the essentially unique H with 
this property as well as multiplicity formulae. 


1. INTRODUCTION 

Let G be a connected simple matrix Lie group and K a fixed maximal 
compact subgroup of G. We assume that both groups K and G has the 
same rank. From now on T c A is a fixed maximal torus. Therefore, T is 
a compact Cartan subgroup of G. Under these hypothesis, Harish-Chandra 
showed there exists irreducible unitary representations of G so that its ma¬ 
trix coefficients are square integrable with respect to a Haar measure on G. 
Let H denote the image of a nontrivial continuous morphism from 5^2 (K) 
into G. The aim of this note is to determine the pairs ((vr, U),R) of irre¬ 
ducible square integrable representations (vr, V) of G which admits admis¬ 
sible restriction to H. That is, res/fvr is an admissible representation, or 
equivalently, res//7r is equal to a discrete Hilbert sum of irreducible repre¬ 
sentations of H and the multiplicity of each irreducible factor is finite. 

To state the main results we need to fix some more notation. The Lie 
algebra of a Lie group is denoted by the corresponding lower case Fraktur 
font and the complexification of a real Lie algebra, or a vector space, is 
denoted by adding the subscript C. The conjugation of A e gc with respect 
to the real form g of gc is denoted by X. Denote by ‘h(g,t) (resp. d>(^, t)) 
the root system of tc in 0C (resp. tc in 6c)- The set of noncompact roots 
is defined by = d>(g,t) \ <l>(t, t). We write gc = tc © Pc the Cartan 
decomposition corresponding to the pair (g,A). Then, the root vectors 
associated to a 6 <1>„ (resp. a e <l>(t, t)) lie in pc (resp. in tc)- Recall 
that a system of positive roots 'L of the root system d>(g,t) is holomorphic 
whenever the sum a -I- /3 is not a root for every pair a, j3 e := 'L n d>„. 
For a unitary representation the action of A e gc on the subspace 
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of X-finite vectors is denoted by d'(X). A unitary irreducible representation 
(vr, F) is holomorphic when there exists a holomorphic system of positive 
roots 'h IX <h(0,t) a nonzero AT-finite vector n e F so that Tr{X-^)v = 0 
for every noncompact root 7 in 'h and for every root element associated 
to 7. 

After the work of Harish-Chandra and other researchers it has been shown 
that holomorphic system of positive roots, as well as holomorphic unitary 
irreducible representations, do exist if and only if the Riemannian manifold 
G/K admits a G-invariant complex structure. That is, G/K is a Hermitian 
symmetric space. 

We are ready to state our first result. 

Theorem 1.1. Assume there exists a square integrable irreducible repre¬ 
sentation TT for G and a subgroup H locally isomorphic to SL 2 {^) such that 
the restriction of tt to H is an admissible representation. Then, G/K is an 
Hermitian symmetric space and tt is a holomorphic representation of G. 

In order to list the pairs {{'k,V),H) we are searching for, we recall on 
one side the list of pairs of Hermitian symmetric Lie algebras (g, £) and a 
classification, up to conjugacy, of the subgroups of G locally isomorphic to 
5^2(1^) • The list of Hermitian symmetric pairs is; 

AIII (su(p, g),su(p) ©su(g')+so(2)) 

BDI (so(p, 2),so(p) ©so(2)) 

Cl (sp(n,M),u(n)) 

Dill (so*(2p),u(p)) 

EIII (eQ(_i4),so(5) ©so(2)) 

EVII (e7(-25)T6 ©so(2)) 

Among them, only AIII{p = q), BDI, Cl, Dill {p even) and EVIII 
corresponds to tube domains. 

The classification of the Lie subalgebras f) of g isomorphic to sl2(K), up 
to conjugacy, has been obtained by Kostant-Rallis. In particular, they show 
that the number of conjugacy classes is finite. An explicit list of representa¬ 
tives of the conjugacy classes for group G has been obtained by [Oh], [Dk 2 ] 
for classical real Lie groups and in [Dkl] for the exceptional groups. In order 
to state the version of the classification more suitable for this work, to the 
end of this introduction we assume 

G/K is a Hermitian symmetric space. 

We fix a holomorphic system of positive roots T c <I>(g,t), and we denote 
the simple roots of 'L by 

(1.1) {Pi,..., I 5 (] where ^1,... e ^>(£,t) and/?£ e ^>„. 

The highest root is written as Pm = Xij with Cj ^ 1 for all j and C£ = 1. 
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Under this setting, they have shown that a subalgebra of g isomorphic to 
s[ 2 (M) is conjugated by an element of G to a subalgebra f) whose complexi- 
fication is spanned by a normal triple, or more precisely, a KS-triple 

Z(, e i{i n f)), Ef, e Pc n ()c, -Ff, e pc n f)c 

which satisfies, 

(12) -^1)] = 2 -Eu = “2F(,, [£'[,,F(,] = Z(,, = F], 

a(Ztj) ^ 0 for every a e 'I'c := t) 

Moreover, the characteristic vector Z(, of the FTS'-triple determines the Kq- 
conjugacy class of f). That is, if Z(, = Z(,/ then l)c is it'c-conjugated to 1)' 
(see Theorem 9.4.4 of [CM]). 

The finite set of vectors Z(, which parametrize the G-conjugacy classes of 
5 F 2 -subgroups, can be expressed explicitly in terms of the dual basis to the 
basis of simple roots (1.1). The coordinates of each Z(, has been computed 
for the classical Lie algebras in [Dk2], [Oh] and for the exceptional ones in 
[Dkl]. Moreover, for the classical Lie algebras, they compute the eigenvalues 
of the matrix Zf,. More precisely, il Zj,j = denote the dual basis 

to (1.1). That is, the elements of tc, Zj are such that j3r{Zs) = 5rs, hence, 
we have 

Z^= 2 PsiZi,)Zs 

It follows from (1.2) and the work of Kostant-Rallis that /?s(Z(,) is a non 
negative integer for s = 1, ...,£— 1 and that /?f(Z(,) is an integer. The precise 
values of the integers /?s(Z(,) for the exceptional Lie algebras are listed in 
[Dkl]. In Proposition 3.5 we show that there is a unique characteristic vector 
Zfj with /^^(Zf,) a positive number. We also show that the hypothesis that 
(vr, U) is a holomorphic square integrable representation with admissible 
restriction to H forces either that ^^{Zij) > 0, or ^((Ztj) < 0 and /3j(Z(,) = 0 
for all 1 ^ ^ — 1. Next, we produce an explicit example of a KS-triple 

{Zq, Eq, Fq} such that any holomorphic representation vr restricted to the 
corresponding 5 L 2 -subgroup Hq is admissible. Later on we show that Hq is 
unique up to conjugacy by elements of G. 

We denote by (, ) the inner product on it* associated to the Killing form 
on 0 . From the holomorphic system T, Harish-Chandra has constructed a 
strongly orthogonal spanning set 

(1.3) 5 = {7i,...,74 1 = 4'n 

as follows: 71 = /3m is the maximal root in = T n < 1 >„, 72 is the maximal 
root in {7 e ; 7 L 71 } and so on. Here r is the real rank of the group 
G. Notice that there is no non compact root orthogonal to S. For each 
root 7 e we fix a KS-triple Z^ e it, e Q-y n pc and Ky e n pc. In 
particular, if denotes the coroot vector of 7 , then Z^ = E^ = Ty 

and [E^,F^] = Z^. Let 

(1.4) Zq = Z^y -I- • • • -I- Z^^, Eq = E^y -I- • • • -I- E^^, Fq = 4- • • • -I- F^^. 
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Since 5 is a strongly orthogonal set of non compact roots it readily follows 
that {Zq,Eq,Fq] \s a, KS-triple. Let Hq the image of 5L2(M) in G associated 
to this triple. Later on, in Lemma 3.3, we show that I3^{Zq) > 0. This will 
verify the first statement in the following theorem. 


Theorem 1.2. 

(i) Any holomorphic irreducible, square integrable representation of G 
has an admissible restriction to Hq. 

(ii) Whenever a holomorphic irreducible, square integrable representa¬ 
tion of G has admissible restriction to a subgroup H locally isomor¬ 
phic to Sl 2 (i^), then H is conjugated under G to Hq. 

The first statement follows from work of Vergne, Jacobsen, T. Kobayashi, 
Mollers and Oshima, for a reference [OM]. However, we give an indepen¬ 
dent proof. In section 5 we compute the multiplicity and Harish-Chandra 
parameter of each irreducible Llo-fa-ctor. 

This note is organized as follows, in the introduction we state our main 
results but the one on multiplicity and Harish-Chandra parameter of each 
irreducible factor, which is presented in Section 5. In section 2 and 3 we 
respectively present the proof of the two theorems stated in the introduction. 
In section 4 we write down the groups involved in the statement of the 
results. 


2. Proof of Theorem 1.1 

For each noncompact root /3, the subalgebra sl2(/3) of g spanned by the 
root elements associated to ±/3 is isomorphic to s[(2, C) and invariant under 
the conjugation of gc with respect to g. Thus, the real points of the subal¬ 
gebra s[2 (/3) is an algebra isomorphic to s[ 2 (M). Let Hp denote the analytic 
subgroup corresponding to this real subalgebra. 

Let H be as in Theorem 1.1 and T a compact Cartan subgroup of G as 
in the introduction. We may assume, after conjugation by an element of G, 
that H nT = H n K is a maximal compact subgroup of H. The hypothesis 
that (vr, P) restricted to H is admissible and vr is square integrable, imply 
that TT restricted to FI n T is an admissible representation, see [DV]. Since 
Hp is invariant under conjugation by elements of T, THp is an analytic 
subgroup of G with T as a maximal compact subgroup. To continue we 
formulate a useful result of Kobayashi. 

Fact 2.1. For a given a closed subgroup L of G with finitely many con¬ 
nected component and invariant under the Cartan involution, we know that 
a maximal compact subgroup of L is L n iF. In this context, if (vr, P) is 
a irreducible representation of G and the restriction of vr to L n iF is ad¬ 
missible, Theorem 1.2 of [Kbl], guarantees that the restriction of vr to L is 
admissible. 
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Owing to the Fact 2.1 we have that vr restricted to THjj is an admissi¬ 
ble representation. Moreover, Kobayashi shows that the subspace of T-hnite 
vectors in V is identical to the subspace of it'-finite vectors (see [Kb2], Propo¬ 
sition 1.6). The hypothesis (vr, F) is a square integrable representation, im¬ 
plies that each of the THp- irreducible constituents is a square integrable 
representation of THp, hnally, the Harish-Chandra module underlying an 
irreducible square integrable representations of S'L 2 (M) is a Verma mod¬ 
ules. Therefore, there exists a non zero iC-finite vector u e F so that either 
7r(X_^)(u) = 0 or 'k{Xp){v) = 0. From Lemma 3.4 of [Vo] we have that 
7r(V+.y), with 7 e is injective for every nilpotent element unless G/K 
is a Hermitian symmetric space. In turn, it follows that (vr, F) is either a 
holomorphic representation or antiholomorphic representation, details can 
be found in [Vaj. Thus, the proof of Theorem 1.1 is finished. 

3. Proof of Theorem 1.2 

Let p+ denote the subspace spanned by the root elements corresponding 
to the roots in Then, is invariant under the action of Kc via the 
adjoint representation of Gc- Hence, the symmetric algebra 5'(p+) is a K- 
module. Let IF denote the lowest iC-type of the holomorphic discrete series 
representation (tt, F), then the space of iC-finite vectors of tt is iL-isomorphic 
to the iC-module 5'(p+) 0 IF. 

Fact 3.1. In [Kbl], [DV], it is pointed out that the restriction of tt to L, 
with L a closed connected subgroup of iL, is admissible if and only if the 
algebra of invariants S{p^)^ consists of the set of constant elements. 

We apply this criterium to understand admissible restriction to the sub¬ 
group H n T = exp(Rf0[,) where H is locally isomorphic to S'L 2 (M) as in 
Theorem 1.1 and (1.2). 

Proposition 3.2. A holomorphic discrete series representation (vr, F) of G 
restrieted to the subgroup H n T = exp(MzZ(,) is admissible if and only if 
one of the two following condition holds, 

(i) is positive, or 

(ii) is negative and ldj{Z^) = 0 for all 1 ^ j ^ i — 1. 

Proof. Indeed, the weights of tc in S'(p^) are with c.y a non¬ 

negative integer for every 7 . Any root 7 G is equal to plus a linear 
combination with non negative coefficients of the roots fdi,... ,/di-i. Thus, 
owing to (1.1), we have the inequalities 

fddZi,) ^ 7 (Z(,) ^ /3M(0[,),for7 e F^. 


( 2 c,)fde{Z„) ^ ^ ( 2 C,)fdM{Zi,) 

7Gl'n 7Gl'n 7Gl'n 


Hence, 
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Thus, according to the Fact 3.1, the restriction of tt to exp(MiZt,) is admis¬ 
sible if and only if 

Yi + 0 every ^ c..^ > 0 

7e'I'n 7S'I'n 

Hence, the converse implication in the proposition is true. 

For the direct implication, if = 0 then the vectors e 

k = 1 , 2 ,..., span an infinite dimensional subspace of t n f)-weight zero, 
which contradicts the admissible restriction of vr to T n H. Thus, l3i{Z^) 

0. If (3i{Zij) < 0 there are two possibilities: either l3k{Z^) > 0 for some 
1 ^ /c ^ — 1, or l3k{Zij) = 0 for all 1 ^ A: ^ — 1. In the first situation we 

recall that /3j{Zi^) is a nonnegative integer for any j ^ i — 1 and hence the 
space of vectors of T-weights u = n{—l3i{Z[^)j3k + n = 0,1, 2,... , 

is infinite dimensional and consists of vectors of t n f)-weight zero. This 
contradicts that vr is an admissible representation of t n () and implies that 
the second situation holds. □ 

We observe that whenever the situation (ii) holds, there is another KS- 
triple which satisfies (1.2) for 1), namely, the triple {—Zj,,F(,,Fif,}. Now, 
/?£(—Zf,) > 0 and /3j(—Z(,) = 0, j = 1,... £ — 1, hence we are in situation (i). 
Note that that both KS-triples generate the real Lie algebra f). 

For the particular element Zq defined in (1.4), we obtain the following 
result in relation with Proposition 3.2. 

Lemma 3.3. Let Zq be as in (1.4), then for every noncompact root (3 in 'L, 
l3{Zo) > 0. In particular, for the simple noncompact root, (3e{Zo) > 0. 

Proof. Since the system T is holomorphic, /3 -I- 'jj never is a root. Hence, 
for every j, we have ^ 0. By construction, 5 is a strongly orthogonal 

spanning set. Hence, /3 is not orthogonal to some root in S, which shows 
the claim. □ 

Considering Lema 3.3, Proposition 3.2 and Fact 2.1, we obtain the first 
statement of Theorem 1.2 as a corollary. 

Corollary 3.4. Let (vr, H) be a holomorphic discrete series and Ho the real 
subgroup of G associated to the KS-triple as in (1.4), then vr restricted to 
Hq nT is admissible. Therefore, the restriction of vr to Hq is admissible. 

Let f) a copy of s[ 2 (K) as subalgebra of g whose complexification is gener¬ 
ated by the triple (1.2). Henceforth, we assume Z^ satisfies the hypothesis 
of Proposition 3.2. Then, any holomorphic irreducible square integrable 
representation (vr, V) restricted to exp(vMZ[,) = FI n T is an admissible rep¬ 
resentation. Owing to Fact 3.1, vr is an admissible representation of H. To 
continue to the proof of Theorem 1.2, we show the following. 

Proposition 3.5. Let Z(, be a characteristic vector as in (1.2) and assume 
that (3e{Zt,) is positive. Then, Zj, = Zq and H is conjugated to Hq by an 
element of G. 
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For groups of type Eli I, EVII the equality = Zq follows by inspection 
of tables X,XIII in [Dkl], We proceed in a proof for all groups G, for this 
we need some other results to start with. 

We recall a result of Barbasch-Vogan (Lemma 3.7.3 in [CM]) on the cen¬ 
tralizer of Ef^ in Qc- Let 0^ denote the centralizer of 1) in 0c. Thus, 0^ 

is a reductive subalgebra of 0c- Let u denote the nilpotent radical of 0^.’, 
then the result of Barbasch-Vogan stablishes the direct sum decomposition 

gp = 0^ + u 

Since f) is invariant under the Cartan involution associated to the decomposi¬ 
tion 0 = we have that 0^ is also invariant under the Cartan involution. 
Moreover, 0^ is invariant under the conjugation of 0c with respect to the 
real algebra 0. Therefore, we have the decompositions, 

0^ = 0^ n tc + gc ^ Pc 0^ = (0^ n 0) z(0^ n 0) 

and 

0c g = Be ^ + Oc p 

In particular, we can conclude the following. 

Lemma 3.6. Let f) satisfying the conditions of Proposition 3.2, then 0^ is 
a subalgebra o/Ic- 

Proof. Obviously, we have 

0 ^ct© 2 g/3 

+/3s'I' 

/3(Z(,)=0 

Under our hypothesis. Proposition 3.2 says that the roots that vanish on Z^ 
are compact. Whence, 

Bc^t© Yi 0/3 

+/3s'I'c 

/3(Z^) = 0 

Thus, the proof of the lemma is completed. □ 

We now complete the proof of Proposition 3.5. We write E^^ = c-yFl-y 

and supp(£'[,) = {7 6 <I>„ : c-y =]= 0}. We verify that supp(£'[,) <= This 
follows from, first 7 = +{/ 3 e + where nj ^ 0 for all j, and 

second = 2E^. 

As before, p+ = Xi7S'i'„ 07- Since, T is holomorphic, we have p+ is in¬ 
variant under the group Ad(iFc)- We now show that the orbit Ad(iFc)-L^f) 
is open in p+. For this, we recall the classification of the orbits of Kc in p+ 
due to [RRSj. Let S = {71,... ,7^} be the Harish-Chandra set of strongly 
orthogonal roots of given in (1.3). Then a set of representatives of the 
iFc-orbits in p+ is 

-L'71 + ■ ■ ■ + L^ 7 s 


s = 0,1,...,r 
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There is only one open orbit, which corresponds to s = r. Thns, there exists 
a k e Kc and 1 ^ s ^ r so that 

£'(, = Ad{k){E^-^ + • • • + 

If it were s < r, then the complex simple algebra Ad(/c)(s[2(7r)) would be 
contained in the centralizer of E^ and because of the result of Barbash-Vogan 
quoted previously, we have Ad(/c)(s[2(7r-)) c Since, 7^ is a noncompact 
root, and k s Kc we would conclude that g^ n pc has positive dimension, 
which contradicts Lemma 3.6. Therefore s = r and the orbit Ad{Kc)E^ is 
open in p+. As a consequence we have found an element k e Kc such that 

Ad(/c ^^E^ = E^-^ + • • • + E-y^ = Eq 

Since, the triple {Ad{k)Z^,Ad{k)Ei^ = Eq, Ad{k)E^} is normal, applying 
Theorem 9.4.3 in [CM], there is k' 6 Kc such that 

Ad{k')Zi^ = Zq and Ad{k')Ei^ = Eq 

Finally we obtain the KS-triples (Zf,, E^, F],), {Zq, Eq, Eq) are iLc-conjugated. 
The obvious map V’o from the set of iLo-conjugacy classes of KS-triples into 
the set of iLc-conjugacy classes of normal triples is shown to be injective 
in [Dkl]. Hence, there exists k e Kq which carries Z(, onto Zq. Since both 
vectors are T-dominant, it follows that they are equal. Also, k carries H 
onto E[q. This ends the proof of Proposition 3.5. 

The proof of the second part of Theorem 1.2 follows straightforward from 
Lemma 3.3 and Proposition 3.5. 

The Hermitian symmetric space G/K is a tube domain if it is biholomor- 
phic to a tube domain. It is well known that G/K is a tube domain if and 
only if the characteristic vector Zq defined in (1.4), is in the center of 6c. 

Remark 3.7. We have (5i{Zq) = 2 and /3j(Zo) = 0, for all 1 ^ j ^ ^ — 1, if and 
only if G/K is a tube domain. Whenever, G/K is not a tube domain, we 
have (3i{Zij) = 1, and I3{Zq) = 0 for all the compact simple roots but one for 
which we have (3{Zq) = 1. Indeed, for a holomorphic system it happens that 
for any X is the center of 6 the value j3{X) = fdeiX) for any jd e Also, by 
construction, 13m £ S which yields I3m{Zq) = 2. Thus, if Zq belongs to the 
center of 6 we have (3{Zq) = 2 for every root in which gives f3j{Zo) = 0 
for every compact simple root. Certainly, the hypothesis (3{Zq) = 0 for 
every compact simple root, together with T holomorphic yields Zq lies in 
the center of 6. The hypothesis 13ii{Zq) = 1 yields Zq is not in the center 
of 6 which is equivalent to G/K is not a tube domain. When /^^(Zo) = 1, 
since I3m{Zq) = 2 and that the multiplicity of /3i in Pm is one, we obtain 
that /3j(Zo) = 1 for exactly one compact simple root and the root Pj has 
multiplicity one in the maximal root. 

Remark 3.8. In [Ha], is shown a necessary condition for a nilpotent orbit to 
be in the wave front cycles of a tempered representation. More precisely, let 
L be the Levi subgroup of the centralizer of an element of a nilpotent orbit 
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in 0 and C{G) the center of G, the necessary conditions is that LIC{G) is 
be compact. Certainly the real nilpotent orbit Oq that corresponds via the 
Kostant-Sekiguchi map to the iCc-orbit Eq is contained in the wave front 
set of any holomorphic discrete series. We have observed in a case by case 
computation for BDI,EIII,EVII that dimension of Oq is minimal among 
the values of dimension of the real nilpotent orbits that satisfy the condition 
L/C'(G) is compact. 


4. Explicit examples 

In this section, for each Hermitian symmetric pair, we give the necessary 
data in order to produce an explicit example of each KS-triple {Zq, Eq, Eq} 
as well as the values I3{Zq) for each simple root for the holomorphic system 

4 '. 

In [Oh] is pointed out an explicit realization of the classical real Lie al¬ 
gebras we are dealing with as a subalgebra of a convenient su(a, 6 ). These 
realization have the property that a compactly embedded Cartan subalgebra 
of the algebras of our interest, consists of the totality of diagonal matrices 
in the subalgebra. For each example on classical Lie algebras, we point out 
the algebra he, a holomorphic system T, the Harish-Chandra set S as in 
1.3, the vector Zq as in (1.4), the weights l3j{Zo),j = 0,... ,h, for all /3j in 
(1.1), the weighted Vogan diagram that correspond to the iLc-orbit of Eq 
(see [Ga]) and the signed Young diagram that corresponds to Eq. 

From the tables in [Dkl], we also present on exceptional Lie algebras the 
Harish-Chandra set S and the weighted Vogan diagram associated to the 
orbit of Eq. 

AIII, 5u{p,q), p<q. 

In this case 

tc = = diag(/ii ,... ,hp-,ki,... ,kq) :'^hj + '^ks = 0^ 

We set €j{D) = hj, Sr{D) = kr- Then for a holomorphic system T we choose 

= {cr - es,5i - Sj,r < s,i < j} = {e* - Sj,l i p,l ^ j q}. 

The noncompact simple root is /3p = ep — 5i, other simple root we need is 
Pq = 5q—p — 5q—p-\.\. 

The Harish-Chandra strongly orthogonal spanning set is 
5 = {e,. - dg-r+i, I ^p}. 

The characteristic vector 

Zq = diag(l,..., 1; 0,... , 0, —1,... , —1) where +1 repeats p times. 

The weights Wj = /3j(^o) are zero for roots other than /3p, f3q = Sq-p — Sq-p+i. 
Wp = /3p(Zo) = 1 and Wq = /3q(Zo) are equal one. Whence, the weighted 
Vogan diagram for the orbit KcEq is 
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o-o • • • o-•-o • • • o-o-o • • • o-o 

wi=0 0 0 Wp = l 0 0 Wq = l 0 0 Wp+g_i=0 

The signed Young diagram for Eq is 


Here, there are p rows of length two and q — p rows of length one. 

AIII, 5u{p,q),p = q. 

tc = = diag(/ii ,..., hp; ki,..., kp) :'^hj + ^ks = oj 

We set ej{D) = hj,6r{D) = kr, with 1 ^ j,r ^ p. Then for a holomorphic 
system T we choose 

= {cr - es,Si - 5j,r < s,i < j} = {e* - 6j, 1 ^ i,j ^ p}. 

The noncompact simple root is Pp = ep — 5i. 

The Harish-Chandra strongly orthogonal spanning set is 

5 = {e^ - Sg-r+i, 1 ^ r ^ p}. 

The characteristic vector is 

Zq = diag(l,... , 1 ; —1 ,... , —1) where +1 repeats p times 

Thus, the weights are wj = /3j(Zo) = 0 except for Wp = 13 p{Zq) = 2. So, its 
weighted Vogan diagram is 

O-o •••o-•-o--- O-O 

0 0 0 Wp=2 0 0 0 

The signed Young diagram for Eq has p rows of length two. 



+ 


+ 


BDI, so(2p -I- 1, 2),p ^ 1. 
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The complexification of the toroidal Cartan subalgebra is 

ic = {D = diag{hi,hp, -hp,-hi, 0, xi, -xi)} 

We set ej{D) = hj,5i{D) = xi. We fix the holomorphic system of positive 
roots, 

= {cfcTi ± ej,l k si p,l ^ i < j si p} + ej, I ^ j ^ p}. 

The noncompact simple root is /3i = (5i — ei. 

The Harish-Chandra set is S' = {(5i + ei, (5i — ei}. 

The characteristic vector is Zq = = (0,..., 0, 2, —2). 

The weights of the weighted Vogan diagram are zero except the first one, 

•-O-O • • • O > O 

u>i=2 0 0 0 0 

The signed Young diagram for Eq has 2p rows of length one. 



BDI, 5o{2p,2),p ^ 2. 

This case is similar the previous one. The Cartan subalgebra is 

tc = {T» = diag(/ii,...,/ip,-/ip,...,-hi,0,xi,-xi)} 

We set ej{D) = hj, 6i{D) = xi. The the holomorphic system we consider 
is 

^'c = {ei ±ej,l^i<j^p} ^„ = { (5i + ej, 1 si j si p} 

The noncompact simple root is /3p = Si — ei. 

The Harish-Chandra set is S' = {(5i -I- ei, — ei}. 

The characteristic vector is Zq = 2Hs^ = (0,..., 0, 2, —2). 

The weights of the weighted Vogan diagram are zero except the first one. 



The signed Young diagram for Eq has 2p — 1 rows of length one. 
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CI, sp(n, M). 

The complex Cartan subalgebra is 

tc = {-D = diag(/i.i, ...,hn, -K, • • •, -hi)} 

We set CjiD) = hj, 1 ^ j ^ n. The holomorphic system we consider is 

= {q - ej,l ^ i < j ^ n} = {cfc + Cr, 1 ^ /c ^ r ^ n} 

The noncompact simple root is /?„ = 26^. 

The set S = {2ei,..., 26^}. 

The characteristic vector is Zq = (1,..., 1, —1,..., —1). 

The weights of the weighted Vogan diagram are zero except the last one, 
Wn = l3n{Zo) = 2. 

o-o-o • • • o < • 

0 0 0 0 Wn=2 

The signed Young diagram for Eq has n rows of length two. 



Dill, so*(2p), p = 2k. 

The complex Cartan subalgebra is 

ic = {D = diag(/ii ,... ,hp, -hp,..., -hi)} 

We set €j{D) = hj, 1 ^ j ^ p. The holomorphic system we consider is 

'i’c = {ei - €j,l ^ i < j si p} = {es + €r,l ^ s < r ^ p} 

The noncompact simple root is I3p = €p-i + €p. 

The Harish-Chandra set is S' = {ei + 62, €3 + 64,, e2A:-i + e 2 k}- 
Characteristic vector is 

Zo= 2 

The weights Wj = PjiZo) are Wp = 2,Wj = 0 for j =|= p. So the weighted 
Vogan diagram is the following. 
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The signed Young diagram for Eq has 2k rows of length two. 



Dill, so*(2p), p = 2k + 1. 

This case is similar to the previous one. The difference is that the char¬ 
acteristic vector is 

Zo = (1,...,1,-1,...,-1,0) 

Thus, the weights Wp^i,Wp are equal to (ep_i + ep)(Zo) = 1 and the others 
are zero. 


o-o • • • o 

0 0 0 



The signed Young diagram for Eq has 2k rows of length two. 



EIII, e6(-i4)- 

We follow the notation for the simple roots as set for Bourbaki. We fix 
as non compact simple root Pq. The Harish-Chandra set in this case is 
5 = {71 = 122321,72 = 101111}. 

From table X of [Dkl], we extract that there is only one characteristic 
vector Z(, so that Pei^h) > 0, and we obtain = Zq as in (1.4). The 
weighted Vogan diagram for the nilpotent orbit determinate by Eq is 
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Q 


0 


o-o-o-o-• 

wi=l 0 0 0 wq=1 


EVII, e 7 (_ 25 ). 

We fix the holomorphic root system such that the noncompact simple 
root is q; 7 . The Harish-Chandra set is 

S = = 22343221,72 = 01122221,73 = Pr = 00000001} 

From table XIII of [Dkl], we read that the only iFc-orbit in pc with 
characteristic vector Zj, so that /3^(Z(,) > 0 is for Z(, = Zq as in 1.4. The 
weighted Vogan diagram is 


o-o-o-o-o-• 

00000 W7=2 


5. Multiplicities 

In this section we apply the formula for multiplicities obtained in [DV] to 
the particular case of the pair {G, Hq). Henceforth, T denotes a holomorphic 
system of positive roots for <h( 0 ,t). To begin with we recall the necessary 
notation to state the results. In the notation of [DV] the pair (G, H) for our 
case is (G, Hq). We have T K G as before and U := L := Hq n K = 
Hq n T = exp(MiZo), u = MiZo, we denote by 3 t = the center of I. We 
define (/? e u* by ^p{Zq) = 1. Thus <h(f)o,u) = {+2(/?}. Let denote 

the centralizer of Zq in I and the root system for (£ 3 ,!). Thus, 

$3 = {a e 4>(£,t) : a(u) = 0} 

By Remark 3.7, if the Hermitian symmetric space G/K is a tube domain, 
then Zq e 3 t, $3 = <!>(£, t) and the analytic subgroup of G with Lie algebra £3 
is = K. If G/K is not a tube domain, Zq ^ jf, then owing to /3j(Zo) = 0 
for all compact simple roots but one, the semisimple factor of £3 has rank 
£ — 2. The list of the triples (g, £, £ 3 ) that not correspond to tube domains is; 


0 

5u{p,q), p<q 

50*{2{2k + 1)) 

^6(-14) 

£ 

mip) + 5u{q) + 

5u{2k -l- 1) -l- 3{ 

so(lO) 


su(p) -1- 5u{q — p) + 5u{p) + i 

5u{2k) + i 

so(8) -1- 1 


The set of equivalence classes of irreducible square integrable representa¬ 
tions of G is parameterized by the set of Harish-Chandra parameters. These 
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parameters are A e it* so that \ + p lifts to a character of T, here p is equal 
to one half of the sum of the elements in 

(5.1) (A, a) > 0 for all a e 'he and (A, a) =|= 0 for all a e 

The holomorphic irreducible square integrable representation corresponds 
to parameters which also satisfy (A, a) > 0 for all a e 'h„. 

The set of Harish-Chandra parameters which corresponds to the irre¬ 
ducible square integrable representations of ffg is P '■= {np : n e Z \ { 0 } }. 

The set of Harish-Chandra parameters for a compact Lie group L is equal 
to the set of strictly dominant integral weights for L, equivalently, the set of 
Harish-Chandra parameters is equal to the set of inhnitesimal character of 
the set of irreducible representations of L. We denote the parametrization 

by h ^ 

Let be a holomorphic irreducible square integrable representa¬ 

tion. Therefore, the restriction res^olTTA) of tta to the subgroup JJq is an 
admissible discretely decomposable representation of ffg- For p e P, let 
denote the irreducible square integrable representation of Hq of 
Harish-Chandra parameter p. Let m{'K\,a^) = Hom//Q((T^, tta) denote the 
multiplicity of in resHoiT^x)- Therefore, we have a Hilbert discrete sum 
decomposition 

res//o(7rA) = ^ 

We write the restriction to of the lowest iL-type for (tta, V^) as 

resK,(7rf+pJ= 2 

where pn is the half sum of the roots in and p^ is the half sum of the 
roots in <f>j n 'h. 

Theorem 5.1. 

(i) m{7Tx,afj_) > 0 if and only if p belongs to the set 

{[(hj + Pi)iZo) -f n - IJv? : 1 ^ j ^ s, n ^ 0 } 

(ii) The multiplicity m{7rx,crmifi) is equal to 

/ K 7^5 N 
"i(7rA+p„, V+ft) 

j,n. 

fij (ZQ)+n = m 

Here c = |{7 e : 7 (^ 0 ) = 1}| and d -t 1 = |{7 e : 7 (^ 0 ) = 2}|. 

Remark 5.2. By work of M. Vergne, Jacobsen, Oshima and Mollers, it follows 
that resHoi^x) is equal to a discrete Hilbert sum of holomorphic representa¬ 
tions, our contribution is to determinate the Harish-Chandra parameters for 
Hq that contributes and the respective multiplicities. However, we obtain 
an independent proof of the result. 



fn — 2h + c— l\fh + d—1 


h=0 


C — 1 


d- 1 
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The proof of the theorem will take up the rest of this section. It requires 
more notation. To start, we consider the restriction qu : t* ^ u* and the 
multiset A(I/l,u) := gu('k(t, t) \ <hj). So, we have 


(5.2) A(t/l,u) 


0 


a 


if G/K is a tube domain 
if G/K is not a tube domain 


Here a = |{q; e Tc : gu(o)(^o) = 1} = i dim(ir/iir3). In fact, when G/K is 
a tube domain then iZq e and the first claim is obvious. For a not tube 
domain Remark 3.7 yields that a{Zo) = 1 or a(Zo) = 0 for a e Tc. For w 
in the Weyl group Wk of iF, we compute the multiset 


SS'" ■= [^u(w^^n) u A(I/[,u)] \ ^(1)0,u). 

Since, T is holomorphic and w e Wk it follows that w'^n = Hence, 
does not depend on w. We have. 


(5.3) gu(’f'n) = { f ,... ,V9 , 2(^, . ■ ■,2^9 }. 

c d+l 

If G/K is a tube domain, then c = 0 and d+1 = Indeed, in Remark 
3.7 we show ^{Zq) = 2 for all noncompact positive root. Therefore, from 
(5.2), (5.3) and the previous computation, for a tube domain we obtain, 

(5.4) = { 2^,..^.,2(^ }. 

d 

If G/K is not a tube domain the values of c and d are in the following 
table. 


0 

su(p,g), p<q 

so*(2(2A: 1)) 

f6(-14) 

c 

{q - p)p 

2k 

8 

d -1- 1 

p^ 

k{2k - 1) 

8 


Hence, 

(5.5) = { f,. .^. ,v? , 2 y), ,2 v9 } u A(I/l, u). 

c d 

For V e it* (resp. u e iu*), 5y denotes the Dirac distribution on it* (resp. 
on iu*) defined by v. Let ((7u)=i=(<5i/) be the push-forward of 5^ from it* to 
iu*. Thus, (g'u)H=(<^!/) = 5^- Let 

00 00 

Uv — V — V dnv 

n=0 n=0 

For a strict finite set T = {z/i,..., 1/^} c it* we define 


= * Vu- 
ueT 


VT = yur*---* Vut 
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Here * means convolution of distributions. Let ^^(A) := 1^) 

Then, in [DV] is shown the following equality of distributions on iu*, 

( 5 . 6 ) 2 m{TTx,af,)5f, = Yi (^{w)'n7^{wX)5g^^^x) *ysHo- 

fieP weWi\WK 

where e(tc) is the sign of w. The validity of the above equality follows 
by Lemma 3.3 in [DV] because Condition (C) is satisfied. We now show 
Theorem 5.1 for G so that G/K is a tube domain. For a holomorphic 
system T we always have the equality 


(5.7) w^{w\) = w^{w{\ + pn)). 

Now = i, hence we have 'cu^{X) = which is equal to the 

dimension of lowest iL-type of P\. Then, by (5.6), (5.4) together and the 
above consideration gives 

Y m{7rx,(Jf,)Sf, = dimV^+p^ <^a(Zo)‘p * 

fMSP 


Obviously, Vu = * z^, qu{pn) = \^n\'^ and 


_ Hnl-l r . 

y2ip — ^2ip * * %(Pn)- 

For r, s positive integers, it readily follows that 


(5.8) 

Hence, we obtain 


7 = 

ip 


s 

t=Q 


t S — 1 
5 — 1 


'^tr p- 


^ m{7Tx,cr^)Sp = Y dimV; 

/tgP 


K 

A + pn 


tSsO 


t+ l^nl -2 
l^nj -2 


^[{X-\-pn){ZQ) + 2t—l]p • 


Therefore, whenever G/K is a tube domain, the Harish-Chandra parameters 
that contribute to res/fp(7rA) are [(A + pn){Zo) + 2t — 1](^ = [A(Zo) + d + 
2t](p, t = 0,1,..., and the respective multiplicities are exactly the numbers 

To follow, we show the multiplicity formula when G/K is not a tube 
domain. Hence, K^ is a proper subgroup of K and iZo is not in the center 
of t. We manipulate on the right hand side of formulae (5.6). Since T is a 
holomorphic system, wpn = Pn for re e Wk- Hence, qu{pn) = [§ + d + 
and yg„(vi/„)x-i>(i,o,u) = ^;gu('i'„)\<i.{f,o,u) * <^[§+<i]p- Hence, the right hand side of 
(5.6) becomes equal to 


(5.9) 

V e{w)w^{w{\ + Pn))5q^(^y,(^X+p„))* * 2/7 

weWpy/K 7egu('I'\$3) 


* ^ zp *5-g, 

/9£qu('I'n)\$(f)o) 
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In the language of discrete Heaviside distributions, the restriction of the 
lowest -fC-type of tta to U is represented by 

(5-10) y e(tc)ti73(u;(A + /9n))V(«;(A+p„)) * * y-i 

weWi-^WK TGgul'I'cX'I’j) 

The restriction of T^x+pn ^ represented as the restriction of to 

and then we decompose the resulting representation of as [/-module. 
Let ^1 + , ^s + Pii denote the infinitesimal characters for the irreducible 

constituents of resi^-j (vry. Here we take pj dominant with respect to 
T n <I>j. Then, we have the equality 

resc7(7rf+^J = m(7rf+^^, 


Therefore, we have that (5.10) is equal to 


Putting together the new expression for (5.10) and (5.9), we obtain that the 
right hand side of (5.6) is equal to 


2 ^(’^A+p„)'^Pj+Pj)'^(Atj+P3)(^o)</’ * 


* 


* ^tp . 


7Gqu('I'n)\4>(f)0,u) 

After we recall (5.5) and we apply (5.11) to the previous formula, we obtain 
(5.12) 


^ m{'n:x,ap)5^ 

peP 


2 E"^(^f+p„> 


K K, 
ft TT * 


Pj+pp 


t^O^h^O j 


t + c— l\/'h + d—1 


c — 1 


d- 1 


[{fij +p^){Zo)+t+2h—l](p‘ 


Hence, 
(5.13) 




peP 


H"i(7rf+p„,V+p,) 2 S 

j=l n^Oh=0 


^ '^n — 2h + c— l\fh + d—1 

c — 1 


p_l J^l{H+Pl)i^o)+n-l]ip- 


Therefore a Harish-Chandra parameter m(p of an irreducible iLo-fectors 
for T^esHoi^x) belongs to the set 


{[(dj + Pi){Zo) + n-l]ip:n = 0,l...,j = l,...,s} 
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and the respective multiplicity is 


2 


IT ^ 

■„) '‘Pj+P,. 


^ fn — 2h + c—I 


3,n 

f2j(ZQ) + n^m 


h=0 


C — 1 


Now, the proof of Theorem 5.1 has been completed. 


A + d - 1\ 

V d-l )■ 


Remark 5.3. In the above formulae for either Harish-Chandra parameters 
or multiplicities, if we make c equal to zero, we obtain the formula for the 
tube type case. This is the reason we have left the summand p^{Zq) even 
thought it is equal to zero when G/K is a tube type domain. 

Remark 5.4. The decomposition of the adjoint representation of gc re¬ 
stricted to f)o is, 

(i) When G/K is a tube domain, 

d+l dimt—d—1 

Sc = 0) , 2(/9) © (0) (C,0(/9) 

1 1 

(ii) When G/K is not a tube domain, 

d+l c dimt—d—1 

Sc = (0) ) 2(/9) © (0)(C^, V?) © 0) (CjOv?) 

1 1 1 

Whence, the coefficients c and d -I-1 represent the multiplicity of the distinct 
irreducible constituents of the f)o-module gc. 


6. Acknowledgments 

We would like to thank Michel Duflo for comments at an early stage of 
this note. 


References 

[CM] Collingwood, D., McGovern, W., Nilpotent orbits in semisimple Lie algebras, Van 
Nostrand Reinhold, New York, (1993). 

[Dkl] Dokovic D., Classification of nilpotent elements in simple exceptional real Lie al¬ 
gebras of inner type and description of their centralizers, J. Algebra 112, 503-524 
(1988). 

[Dk2] Djokovic D., Closures of Conjugacy Classes in Classical Real Linear Lie Groups. 
II, Transactions of the American Mathematical Society 270, No. 1., 217-252 (1982). 

[DV] Duflo, M., Vargas, J., Branching laws for square integrable representations, Proc. 
Japan Acad. Ser. A Math. Sci. 86, n 3, 49-54 (2010). 

[Ga] Galina, E., Weighted Vogan diagrams associated to real nilpotent orbits, Contempo¬ 
rary Math. 491, 239-253 (2009). 

[Ha] Harris, B., Tempered representations and nilpotent orbits, Represent. Theory 16, 
610-619 (2012). 

]Kn] Knapp, A., Lie Groups, beyond an introduction, Birkhauser, 1995. 

]Kbl] Kobayashi, T., Discrete decomposability of the restriction o/Aq(A) with respect to 
reductive subgroups and its applications, Invent. Math. 117, 181-205 (1994). 

]Kb2] Kobayashi, T., Discrete decompos ability of the restriction o/Aq(A) with respect to 
reductive subgroups III, Inv. Math. 131, 229-256 (1997). 



20 


Galina- Vargas 


[OM] Oshima, Y., Mollers, J., Discrete branching laws for minimal holomorphic represen¬ 
tations arXiv:1402.3351vl [math.RT] 14 Feb 2014. 

[Oh] Ohta, T., Classification of admissible nilpotent orbits in classical real Lie algebras, 
J. Algebra 136, 290-333 (1991). 

[RRS] Richardson, R., Rohrle, G., Steinberg, R., Parabolic subalgebras with nilpotent 
abelian radical Inv. Math. 110, 649-671 (1992). 

[Va] Vargas, J., Restriction of Discrete Series tosl(2,R), Proc. AMS, 117, 1187-1192, 
(1993). 

[Vo] Vogan, D., Singular unitary representations, in Non-commutative Harmonic Analysis 
and Lie Groups, J. Carmona and M. Vergne, editors. Lecture Notes in Mathematics 
880, 506-535, Springer-Verlag, 1981. 

FAMAF-CIEM, Ciudad Universitaria, 5000 Cordoba, Argentine 
E-mail address: galina@famaf.unc.edu.ar, vargas@famaf .unc . edu. ar 



